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able Twist.’1Jour. Aero. Sci.,
are solved-by representing th6
and Chien (given in I!Torsion with Vari-
vol. 13, no. 10, Oct. 19116, pp. 503-510)
shape of a torsion box by means of a
Fourier series. The coefficie~s of the series are determined by con-
ventional methods. Angles of twist, longitudinal stresses, and shear
stresses are determined in terms of the series coefficients. The
method is applied to the calculation of angles of twist and stresses in
torsion boxes of-rectangular, elliptical, ‘andairfoil cross section.
Results obtained for angles,of twist and normal stresses are in
good agreement with results of Karm& tid Cbien except at shaFp corners.
Results obtained for shear stresses indicate the necessity for use of




Experimental and theoretical investigations relatedto torsional
stresses ~d deformations are given in references 1 to 18. In refer-
ence 1, Karm& and Chien have developed equations applicable to the
problem of restrained torsion of tubes of arbitraqy constant cross
section loaded with a couple. Their solution of these equations was
given for rectangles. In general, however, the method of solution of.
the equations givenby them is not easily accomplished. It is the
purpose of the present report to give the”theo~ of an approximate
method of solution of these equations and the results of the app~cation
of this method to tubes of rectangular, elliptical, and airfoil cr~oss
sections. This work was conducted at the Oregon State College under
the sponsorship and with the financial assistance of the National
Advisory Committee for Aeronautics.
.,
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ordinate of airfoil measured from
distance along peripheg of cross
arbitr~ point 0’
normal distance from shear center
wall at s
.
systems adopted for this
distance from leading edge to shear center
thickness of wall of tube
normal stress in SW in direction
normal stress in skin in direction
parallel to X-*S
perpendicular to ax
shear stress in stin in direction of x- and s-axes
normal strain in skin in direction of x-axis
displacement of any point in sldn in x-direction



















a, b dimensions of rectangles and ellipses (see figs. 3 and 4)
E,. T-J coordinates of point on ellipse (see-fig. 4)
,-
@= sin-l-~ (for ellipse)
n, m, i positive integers




(f)..of oro9s section .~2 r ds









equations of K&&n and Chien are based on
constant cross section of arbitr~ shape.
axis
.
(2) Tube is loaded with constant torsional couple acti~ abotitan
perpendicular to the cross,section.
,.
(3) Ben~g. sttifness of,thin wall+ is neg~gible.
. . ..
,.
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(h) Displacement of any point on wall of the”tube is composed of
a displacement due to rigid rotation of cross section in plane of cross
section plus a displacement due to warping. The latter displacement is
in a direction parallel to the axis of the cylindrical tube.
(S) The torsional deformations can be assumed to be independent
of deformations due to bending and shear loads. This implies that the
principle of sup~rposition is applicable.
(6) Because of the presence of bulkheads, the strain in the circum-
ferential direction is negligibly small.
General Theory
On the basis of the above assumptions, KBasic equations.- . 4cl&l
and Chien have shown that the following equations are applicable











from whichj for constant wall thiclmessj
$#U+tdr u&.ds+MdZ’ ;la2u+._ –——— —— =@ ax2 ~s2 I ds ds GI ds (3)
The general problem is to find a function u = U(X,S) that will
satisfy equation (3) and the boundag conditions. In any particular
problem r = r(s) is known from the geometry of the cross section.
This may, however, not easilybe expressed anal@ically.
An appro~te solution.- For the approximate solution, let the
function r = r(s) be given by a trigonometric series of the following
form:
. . . —.—.— .—— —- ———-
-. —.








This series is periodic in the interval s = z. The coefficients may “
be determined by a number of methods to be discussed later.
Differentiation’of equation (4) with respect to s gives






x Cn sin* (6) “
equation (3) may be shown (reference1)
L
The solution of equation (3) may then be
.
u = Ul(s) + Uz(xjs)
If equations (8) and (7) are substituted
following is obtained: .
written in the form




If the condition that the end x = O is restrtied, then at
X=oju = O and Ui= -u2.
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If at the other end, say x= CO, the end is unrestrained, then
‘x = o, or since
then at x = co
au a? o
Z= X-=.
A function ~ satisfying these boundary conditions may be written
as





~ may be determined by the condition that at x = O;
x% Sti 2nns _ Ml—— —z’ 2GAt
Let
Bn = %$(~)




Equation (13) may be used to determine the coefficients ~ and conse-
quently ~ when the geomet~ of the cross section is ~own.
,
.
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The solution of equation (3) satisfying conditions at x = O and
x = w may then be written as
or
x 4 1 ‘?t.nk) sin 2nnsu= -e 1 (u)
Since equation (~) satisfies the condition at. x = O an’d x =m it
then is necess~ to determine whether this is a solution that is’appli-
cable elsewhere.
The partic@ar ;olution ul satisfies equation (3) so that it
remains to determine whether
~ satisfies eauation (9). Now from
equation (10)
1 a2%?I An2Ane-?q.p ~. 2nns—— =1-k2 &2 1
and
“ and equation (9) may, by use of the above relations and equation (10),
be written
(15)
. . . ..-. —— .—____
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n
Since &#ds = L Cn sin 2nJcs/z, the integral in the above equa-
tion may be evaluated. Since
then equation (1S) may be written
tz
.(x )(x2nnsCn sin ~ )‘XmkXz ~Cme =0 (16)
Equation (16)
zero. Let any one
would be satisfied
termbe denoted by
if every term of the summation is
the subscript’ i. Then
This may be
‘ii-h 2nis + hn2i2
- Xi2Aie
‘AikX sti 2nis
sin— — ~e —-
Z
.Z? z ,, ‘
In the
constants.




development of the solution the kils were treated as
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,
the basic equations are not satisfied exactly. “Thequestion then arises
as to whether a value of ki for use ‘inequation (10) can give a solu-!
tion that appro~tes an exact solution to the desired degree of
accuracy. Since any constant value of each Ai will satisfj the con-
ditions at x = O and at x =~, it would appear that a constant ‘~
can be found that will give reasonably’accuratesolutions in the
region X>o to X5=.
As x approaches zero, the value of Xi obtained
approaches
Other values of ~




were tried and were.denoted by ii to dis-
m
These were taken as
‘i=’w= ~ ‘“)
In the subsequent calculations to be discussed laterj-”bothof these
sets of values were computed and used to compute the angle of twist and
stresses. Good agreement with an exact solution was obtained for rec-
tangular sections by use of hi obtained from equation (18).
If satisfactory ti’ues for ki are obtained, then, since the Airs
are obtainable from equations (13) and (I-1.),the displacement function u
(equation (U) ) is obtainable.
The stresses % us3 and z and the angle of twist 0 maybe
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Assuming equation (~) is a satisfactory approdmation of the
displacement function, then it is apparent that the stresses and angle
of twist may be expressed in terms of the coefficients %, Cnj and
An which are obtainable from the geometry of the given cross section.
The problem is then resolved to that of determination of these coef-
ficients. There are several methods available for d~temini ng these.
Rectangular Cross Sections
In figure 3 is shown the notation adopted for rectangular cross
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The coefficients Cnl for n+ O (equation 4) may be obtained by
evaluation of the integrals
The
The length of the peripheg of a
2 = L(a










The ratio r/2 may be expressed in terms of ~ as follows:
r b
-=— = $1- p) ;21 -%1.00
Z-L 4
J
The integral of equation (2s) may then be evaluated to give
.,
cnl==sti~ .,
nn . . .
when n is even. When n is odd, %’ = 0=
(28)




ation of the integrals
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Bn of equation (13) may be obtained by evalu- .




By use of the relation C= = -2nnCnI, “





The angle of twist may now be determined. For a tube of circfiar u
cross section of radius b and wall.thicbess to, the angle of twist
is given by ‘




b2 ds = 2nb3to
If the angle
twist of a circle
area is equal to the SW cross-section area of a rectangle,
of twist of a rectangle is divided by
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12 = 16(a +b)2
A = Lab
I = babt(a +b)
2nbto = h(a+b)t
becomesabove equationthe
The integral in the expression may be determined since terms only of the
J’1form o
the angle
haye values other than zero. After integration
written .
1.
equation (24)‘ By use of this may be written
\
lad ())]-2xnbz1+ p(ll-p) 1- e ?nCn (32)—=-xeM/IoG ~
,(
,
.. . . . —.-—- -
—. . --- —...-.—. -.
—.—— -.. ..-. .— -- .-—
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In a similar fashion it may be shown that the normal stress is
If it is assumed that A. = nb2, then the above equation becomes






For the rectangle with ‘b(a+ b)t = 2nbto, equation (34)’becomes
l
‘x ‘ = 2p(11- p) ~ (2knb)Bn~(2Anb)g sfi 2n;s (35)
A shear stress may be compared with the shear stress in a circular tube
of radius b of the same skin cross-sectional area loaded with the same ‘




For the general case, from equation.,
()G~+r~as
..———
.— —.—— —. —. —--- -.. —.. ——-——
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Using the displacement function, equation (~), and equation (12),








x( )-1.# ~os 2nns + 2AotoGz10 r~1-e — z ()]7ElIOM
(36), the following relation may be written
,,
-(%P)~-
-e 1cos ‘KS + 4 r -0z ()l-pz”w (37)d
Elliptic Cross Sections
In order to evaluate the series coefficients
sections, it is necessa~ to express r as a function of s. In
for elliptic cross




kl = Ib2- a2b2
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Let
sin @=$
Then equations (38), (40), and (@.) may be written as
r= .a
11- (k’)’ Sill’ @








The integral in equation (38a) will be recognized as the elliptic ‘
integral of the second ldnd (reference 2) E(cc,@. Tables of values of
this integral are given interms of the parameter @ and a, where
‘1 k,a=sin (43)
The total length of the periphe~ of the ellipse Z is given by
(44)
-,
—-—- - . . — ————— —._ . .
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Since the parameter a defines the ratio of minor to major tis
of an ellipse (equations (L3) and (39)), this will be constant for any
particular ellipse. This value is chosen first. Values of $ are
then assumed, from which g and q may be immediately computed.
Values of s/b are then obtainable from the tabulated values of the ‘
elliptic functions. ,It is then possible to determine s/z, r/Z, and
dr/ds corresponding to any assumed value of @ or ~.
The coefficients Cn for the ellipses are then determined by the
, equation ,
(45)




order to evaluate the coefficients Bn, equation (13) is used:
ellipse this may be reduced to
These coefficients are then given by
(46)
(47)
For the elliptic thin-walled tube, .
,\
I.t ! r2 ()ds =’4ba2F ~,k 1,, (48)





[( )_.Z=4b E;,k~ . - (50)
.










Calculations for awles of twist and stresses
tangular boxes with cros; sections defined by ~ =
0.30, and O.40. Computations of the coefficients
+ (;)($)(+)
(6o)
were made for rec-
0.05, 0.10, 0.15,
Cn and Bn were
first made by application of equations (30) and (31). Tabulated values
of these are given in tables 1 to 6.
Values of X“ ad Xi were computed by use of equations (18)
10
and (19) for values of ~ = ;.0~, 0.10, and 0.1S. For ~ = 0.20, 0.30,
and O.LO, O- & values were computed. These values are listed in
the tables in the nondimensional form (2Xnb)o* The angles of twist
for rectangles with ~ = O.0~, 0.10, and 0.15 are listed in table 7.
These were computed from equation (32)J Values were obtained based on
values of both X. and hm. For rectangles with ~ = 0.20, 0.30, and
0.40, angles of twist were computed using only Xo. In table 7 are also
given values of e/(M/IG) based upon a value of Poissonls ratio of 0.3,
/ giving k= 0.~92. This is the ratio of the unit angle of twist to
that given by the theory which neglects the effect of warping of the
cross section.
—. ——— .—..- - - - .
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.
After this shear center is located, the airfoil is plotted and
values of r/Z against s/Z may be measured, tabulated, and plotted.
The coefficients CO1 and Cnr are then determined from the equations
and
Equation (13) is usedto evaluate







Values of & were computed from equation (18). This was put in
the form
. 2b’=?~ (57)




Ci = -2j-lTci 1
From equations (20a), (22a), and (23a) and by use of the relations
applicable to the circular tube of same chord and SW cross-section
area,
.
.— —-——... . . --- ..-—..—— .—--—












Similarly, from equations (20a), (34), (.!J9),and (s0), the normal





shear stresses may be expressed as
.
Airfoil-Shape Cross Section
In order to determine the coefficients Cn~ and Cot of equa-
tion (4), the contour of the airfoil box must first be expressed in the
form r/Z = f(s/Z).. In this equation r is meamed from the shear
center of the box. The shear center of the box was determined by the
assumption that the ax stresses due to bending may be computed by the
formula ax = Ny’/Iz where
N bending moment
Y’ distance from neutral axis to center of skin
1= moment of inertia of skin about neutral ads (chord-line for
_tricd wing)
.
— ——— .——— -——— .—-
——
— .——— -
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Results for angles of twist f3/(M/IG} are plotted in figure 6(a)
for rectangles with ~ = 0.0S, 0.10, and 0.1S. Values plotted were
obtained ustig both @ues of Xi obtained from equations (18) ~d (19).
For the rectangle ~ = 0.10, the results obtained by K- and Chien
for the rectangle vilth ~ = 0.10 are plotted for comparison. The plots
are of interest from several viewpoints.
(1) The effect of end restraint on angle of twist disappears sub-
stantially when x/2b is approximately 1.0, a distance of one chord
length from the restrained end. (The chord here is considered the long
side of the rectangle.)
(2) Within small clifferences, the results obtained for the rectangle
with ~ = 0.10 by K&m& and Chien check with the results obtained .
usihg the,value of X obtained from equation (18).
(3) The series used for the computation of ‘E@/IoG) Of e/(M/m)
converge with fair rapidity so tkt an excessim n&ber of terms ‘need
not be taken.~
(4) Because the effect of the restraint is confined principally to
the region near. x = O, it-is reasonable that the value of Ai satis-
fying the basic equations in this region are the more logical ones to
I use.
(~) The method of representing the contour of the box by a Fourier
series gives good results for the angles of twist of rectangular cross
sections.
(6) It should be-noted here that the K&m&-Chien ialues given are
not necessarily exact, as these were also obtained by the use of a finite
number of terms of an infinite series.
1 In figure ‘6(b),results for angles of twist 0/(M/IG) are plotted
for rectangles with ~ = 0.0S 0.10, 0.1S, 0.20, 0.30, and 0.40. Results
1, for angles of twist f3/(M/IoG~ for rectangles with the same ~ values
are shown in figure 7. The values plotted in both of these figures were
based on Ao.
The calculations for Oxt gave values which are listed inta~le 8.
These are plotted in figures 8 to 13. The series for ax! given in
1
equation (3s) may be shown to be divergent at the corner= at X=o.
This indicates an infinite stress (or the efistence of a concentrated
reaction) at the restrained end at the corners. Furthermore;”the series
converges less rapidly at the corners of the box than elsewhere. This
result does not agree with the results shown in figure S of reference 1,
in which K&n&l and Chien show finite maximum stresses at the corners of
.. ... --—. ---- —----
....- –-.-— -- -- -
-.. — .— .. ... .—
—— —...—–—- -
\.
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rectangular boxes. The series used by K&a&l and Chien may also be
.
shown to be divergent at the corners at the restrained end. The result
obtained by them was evidently obtained by use of only a finite number
of terms in their series. In figures U and 15 are shown comparisons
.
of values of ax’ as obtained in this report with values of UX1
obtained by K&&n and Chien and plotted @ figure 4 of reference 1.
The series for the shear stress (equation (37)) is slowly conver-
gent, particularly near the corners of the rectangles. However, az the
restrained end the shear stresses are easily computed. At the restrained




To 1- ~ Z M/IoG (61)
For the rectangle, since r has only two vzilues,this may be




3- . 1.() (61b)
‘o
At the unrestrained end x/2b = w it may be shown that the shear ,





In table 9 are shown the results obtained from calculations using
the first 40 terms of the series. Because of the slow convergence the
tiues are irregular. However, since the ~ shear values at the
restrained end-and the minimum values at the free-end may be determined
exactly, this difficulty in obtaining accurate values of shear stresses
at intermediate stations-was not felt to justify the etiension of the
computations to a larger number of terms.
It appears from the study of rectangular sections that the existence
,?
of sharp corners is a major cause of high normal and shear stresses.
This suggests that the possibility of rounding corners is worthy of .
investigation.
—— . — -— . — -- ..— —— ——— ——.




Boxes of Elliptical Cross Sections
of coefficients.- In order to determinethe basic
series coefficients Bn and “Cn, it is necessaq to evaluate the
integrals of equations (4s) and (47). This was done by two methods.
The first consisted of assuding values of @ (equation (42)), co uting
7values of (s/1) and dr/ds from equations (38a), (hJ-a), and (4.4 , and
then evaluating the integrals of equations (45) and (47) by a numerical
integration using a trapezoidal rule. The second method of evaluating
these integrals consisted of plotting the functions (dr/ds) Sin (’2nT@)
and (s/1 - @/2Yt)sin (2nns/1) against s/1 and integrating graphi-
cally by the use of a planimeter. In table 10 are listed values obtained
for the coefficients by these two methods for an ellipse with an a/b
ratio of 0.0871.
Computation for angles of twist and stresses.-In table 11 are
given values of (3/(M/IoG) for this ellipse. Columns (1) and (2) were
obtained by using coefficients Cn and ~ and k= obtained by calcu-0
lations. Values given in column (1) were obtained by using the first
10 coefficients. Values given in column (2) were obtained by ustig the
first 20 coefficients< Values in column (3) were obtained by using the
first 10 coefficients obtained by the graphical determination.
At the unrestrained end, the simple torsion theory can be appl.ied~
This leads to a value of
For the ellipse
e(-7-)MIOG ~ =SS.00. A
shows that a 20-term
lation, gives a very
For the ellipse
20-term series using
with’ a/b = 0.0871, this equation gives
comparison of this value with the values in table Xl
series, whose coefficients were obtained @-calcu-
good appro-tion at infinity.
with a/b = 0.1738, calculations were based on a
coefficients obtained lzvthe amn-oximate computa-
tional method of &~etining the integrals ii equat~~ns (4s) and 147).
For all other ellipses calculations were based upon a lo-term series.
In tables 12 to 15 are given coefficients Cn, ~, and (2Anb)o
that were used in the computation of e/(M/IoG), ax’,, and r/z. for
the ellipses investigated.
—.— . .. . . .-. -.—..---—--—
——-——— . .— -~ --.—-—- —-—— - .———
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In table 16 values are given for angles of twist for
ellipses. These are plotted in figures 16 and 17. Both
(3/(M/IG) are plotted.




columns (2), (3), and (4) of table 10 and those given in tables 12 to 1
15. These OX! values are given in table 17 and are plotted in fig- 1
ures 18 to 22.
,
Values of r/~. are given in table 18.
Box of Airf6il Cross Section
The airfoil was drawn to a large scale. The coordinate system
shown in figure s was adopted. The shear center was determined to be
36.8 units from the leading edge, the chord being taken as 65.o. The
length of the periphery was obtained by summing up small distances As
along the contour. This length Z =
x
As = 142.1. The enclosed area
n




was obtained by a summation of (r2As) over therfiriphery. This gave .
I/t = 17,270. In table 19 are given values of against s/Z
obtained from measurements on the airfoil.
Coefficients Col and Cnr were obtained from equations (~~) and
(%). The fitegras were e-uated by replacing the integrals by sunr
mations. In table 20 are given the coefficients obtained. Twenty coef-
ficients were used in the calculations. Values of r/1 were then cow
puted at various values of s~z. These are listed in table 19 for
comparison with the measured values. These two sets of r/Z against
s/Z values from table 19 are plotted in figure 23. The accuracy of the
series is fairly good except near.the points of discontinuity of the
profile.
The coefficients Bn were determined by equation (56), the inte-
grals being replaced by summations. Values of these coefficients are
listed in table 20.
Coefficients 2Xnb were computed from equation (s7). These are
also listed in table 20.
.Intable 21 and figure 24 are given the results of computation for
angles of tw&h. These were computed from equation (58). Angles of
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twist rapidly approach a constant value as the parameter x/2b is
increased. The effect of the restraint at the inner end of the box on
angles of twist disappears almost entirely in one chord length from the
restrained end.
The res~ts of the calculations for the normal stmesses ax’ are
given m table 22 ~d figure 2s. The infinite stress at the corners of
the cross section at the restrained end is again shown. In a distance s
of one chord length from the restrained end, however, the effect of the
restraint has been reduced so that the normal stresses are negligibly
small. The series used in computing axl, converges with fair rapidity
so that use of 20 coefficients gives good accuracy, except right at the .
restrained end. Here the series converges less rapidly and is divergent
at the sharp corners.
Table 23 gives the computed values of ‘r/T. for the airfoil sec-
tion. The series giving these values does not converge rapidly near the
restrained end. The values given in this-table are based on 20 coef-
ficients in the series. This is insufficient for good accuracy.
tioNCLUSIONS
An approximate method for solving the basic equations of &m&and
Chien was determined and applied to the calculation of angles of twist
and stresses in torsion boxes of rectangular, elliptical, and airfoil
cross section. From the results of th~ application of this method, the
following conclusions may be drawn:
1. The,methods given here for the appro~te solution of the
K&m&Chien equations are applicable to torsion boxes having one degree
of symmetry of the cross section. The series used to obtain ~gles of
twist converge fair~ rapidly. The results check well for the rectan-
. gular cross sections with those given by K&&n and Chien. The series
for ax stresses converges less rapidly, particularly at the restrained
end. At the corners of the restrained end, the series diverges, indica-
cating the necessity for concentrated loads at these points.
2. The theory gives results which indicate teridenciesthat might
well be considered in design. The infinite stresses at corners at-the
restrained end suggest the possibility of high stress concentrations at
these points. It would be expected that, even with zero circumferential
strains, the computed values for angles of twist and stresses would be..
mo~.ied appreciably by a local yielding in the neighborhood of the
restrained ends,,particularlyat sharp corners.
. .. . —. .-—. ..-— ---- ..--.--— .- —-— -------- ------ --—.-—-.-—
.— ——. .— .-—. .... .. _ — _—.—
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3: The studies also indicate that a wing section composed of
approximately square boxes might be of some advantage in reducing angles
of twist and decreasing normal stresses due to torsion.
Oregon State College
CO~S, ore., March 28, 1950
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TABLE 3.- SERIIIS COEFFICIENTS FOR RECTANGLE WITH ~ = 0.1S
n Cn Bn (2Anb)~ (2Xnb)o
-O.63%4 -0.06320 4.89 3.85
f -1.13291 -. 0281~ 9.97 7.71
6 -1.382b8 -. 01Lj27 15.32 H. 56
8 -1.33086 -.00827 20.88 15.42L
10 -.98973 -.00402 26.~8 19.27
12 -.43257 -.00119 31.96 23.10
ti .21892 . ooo~ 37.39 27.00
16 .82293 .00128 42.61 30.83
18 1. i3266 .00139 L7 .85 34.6s
20 1.39918 .00139 53.19 38.~~
22 1.24758 .00102 58.59 42.40
24 . 82&2 .0005’7 63.94 46.2o
26 .21880 .00013 69.40 . ~o.lo
28 -.43257 -.00022 74.74 53.96
30 -.98910 -.000~ 79.93 57 l 75
32 -1.33236 -.00053 8s.28 61.65
34 -1.38361 -.00047 90:63 65.51
36 -1.13266 -.00035 95.92 69.30
38 -.63478 -.00018 101.40 73.22
40 o“ o 106.90 77.17
42 .63566 .00015 KL2.08 80.92
44 1.13015 .00023 117.34 84.75
46 1.3808S .00026 122.71 88.65
48 1.3293S .00023 128.12 92 .~~
$ .98960 .00016 133.26 96.23
.43106 .00006 138.80 100.20
54 -.22043 -.00003 :;.:; 103.95
56 -.82293 -.00011 107.92
58 -1.24~70 , -.00015 1s4:84 lIL.82
60 -1:39793 -.00015 160.02 115.58
62 -yl.; -.000~ 165.4s 1-3-9.47
64 -.00008 170.97 123.M
66 -.21967 -.00002 176.10- 127.13
68 .b2b97 .00004 181. SO 131.02
70 .98910 .00008 186.86 134.92
72 1.33387 .00010 191.94 138.60
74 1.40810 l 00010 197.34 lL_2.50
76 1.13115 .00008 202.96 146.55
78 .63679 .00004 208.00 150.16
80 ‘ o’ 0 213. so 154.13
.
—.. . . . . . . . .. —.. - .____ . . . . .... . . ......___— .— . . . . — ----- —_ .-— — .--—.— __ .—-. . . ... —.
.’
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TABLE 4.- SERIES COEFFICIENTS FOR RECTANGLE WITH ~ = 0.20
n Cn % ‘ (2xnb)o





10 0 0 20.19
12 .70612 .00155 2)4.23
ti . ,1.lh120 .00184 ‘ 28.27
16 1: U& .00142 32.30
18 .00069 36.35
20 0 0 40.38
22 -.70600 -.00046 114.42
24 -1.14095 -.00063 48.46
26 -1.14.135 -.00053 52.50
28 “ -.70160 -.00029 5’6.51
30 0 0 60.56
32 *70537 .00022 64.61
34 1.14020 .00031 68.65
36 1.14.170 . 0Q028 72.69
38 .70637 .00015 “ 76.73
40 0 0 80.77
42 -.70688 - -.00013 84.80
$ -1.lh120 -.00019 88.84
-1. W08 . -.00017 92.88
48 -.70537 -.00010 ,“ 96.92
50 0 0 100.96
52 .70537 .00008 10.!I.99
54 1.ti283 .00012 109.04
56 1.13944 .00011 113.07
58 .70298 .00006 117.11
60 _ o 0 121.15
62 -.70474 -.00006 125.18
64 -1.14145 -.00009 129.23
66 -1 .I-4396 -.00005 133.26
68 -.69425. -.00005 137.31 ,
70 0 0 W*34
72 .70537 .00004 145.38
74 1.13856 .00007 49.42
76 1.14070 . 000Q7 153 l u
78. .70537 .00004 157.50
80 0 0 161.53
—.—-—— -.—— --- —





























n Cn Bn ‘ (%lb)o
-.
2“ -o.~722 ‘ -0.03907 ‘ :.$
~ -.76088 -.o1.149 ‘.
-.24718 -.00166 12.10
8 .47075 .00178 16.u
10 .80007 .00193 20.17
12
_ ;;;% .00079 24.21
4 -.00031 28.23
16 -.76164 -.00072 32.27
18 -.64772 -.00049 36.30
20 0 0 40.34
22 .646s9 .00032 44.38
2L
-.76264 .00032 48.40
26 -.246s5 .00009 52.44
28 ,~:gg: ‘ -.oool~ 56.47
30 -.00021 “ 60.51
32 -;:g:; -.00011 64.54
34 .00005 68.57
36 .76189 .0004 ‘ 72.61
38 .64910 .00011 76.64
40 0 0 80.68
42 -.6488s - l 00009 84.71
44 -.76264 - l 00010 88.74
46 -:;2$ -.00003 92.78
L8 .oooo~ 96.81
50 ~ .80U .00008 100.84
52 .4702~ .00004 104.88
54 -.247s6 -.00002 108.91
56 T.75’963 -.00006 112.95
58 -.6483s ‘ -.oooo~ n6 .98
60 0 0 121.01
.6s023 .oouo4 125.05
2; .75963 .00005 ‘ 129.08
66 .24869 .00001 133.12
68 -.46284 - l 00002 137.14
70 -.80007 , -.00004 N.18
-:$~;; -.00002 ‘ I-45.22
:$ .00001 149.25
.76365 .00003 1.5’3.29
78 .646s9 .00002 157.31
80 0 0. 161.35
..— .- —- ---- .. —-—.._ .. _____..-. —__ .-. _ _______ ..__ ... ___ .._ L____...-_—-..._-_. _
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.
TABLE 7.- ANGLESOF TWIST O/(M/IOG) AND e/(M/IG)
FOR RECTANGLES
(a) For rectangles with ~ = 0.0S, 0.10, and O.ls.






0 19.00 1.00 19.00 1.00 -
1/8 81.08 ‘ 4.26 68.11 3.s8
1/4 89.50 4.71 81015 4.27
1/2 94.60 4.98 $.$ 4.72
3/L 95.03 5.01 4.86
1.0 95.42 5.02 93:97 ;.:;
2.0 ,95.70 5.04 95.42 l
p=o.lo
o 9.00 1.00 9.00 1.00
1/8 19.25 2.16 17.07 1.90
1A 21.’94 2.43 ‘ 20.37 2.26
1/2 23.64 2.63 22073 2.53
3/4 24.17 2.69 23.62 2.62
1.0 24.37 2.71 24.03 2.67
2.0 24.53 2.73 24.48 2.72
$ = 0.15
0 S.67 1.00 S.67 1.00
1/8 8.79 1.55 8.23 1.45
1/4 9.68 1.71 9.30 1.64
1/2 10.48 1.85 10.24 1.!31
3/L 10.76 1.90 10.62 1.87
l.O 10.89 1.92 10.80 1.91
2.0 10:98 1.94 10.98 1.94
.—_—._. . . -- —-–---—- —-.-- —-— --—
.-. ——------ .-——— -—-—.-—-—-- ---- --—
.—----- _- . . .—— ... .
36 NACA TN 26OO
TABLE 7.- ANGLES OF TWIST e/(M/IoG) ~ $/(M/IG)
FOR RECTANGLES’- Concluded
(b) For rectangles tith ~ = 0.20, 0.30, and O..hO.















1/4 ~ 2.S9 1.11
1/2 2.67 1.15’ .
3/4 . 2.72 1.17
1.0 2.74 . 1.18







1.0 1.56 1.04 -
2.0 1.56 l.oq
— . ..———.














= 0.005 : = 0.01 := 0.0125” ;= 0.02 ;= 0.05 ~= 0.10 ~= 0.20
% i z z
o -4.93 -:; .:; —--- -10.18 -—- -1.61 -0.42
1/8 -1.99 -4.19 -4.94 -3;17 -1 l 54 -.38
1/4 -.68 -1:28 -I .56 -2.16 -2.36 -1.40 -.35
l/2 -.18 -.35 -.44 -.66 -1.15 -1.01 -.31
3/4 -.08 -.15 -.19 -.29 -*59 -.66 -.24
1.0 -.04 -.08 --—- -.15 -.33 -.43 -.18
2.0 -.01 :.01 --—- - ;02 -.o~ -.07 -.04
(b) ~ = O.1O. .
~ ~ . oe~~ : = O.O1 : = 0*02 .; = ().o~; = 0.10 : = 0.20 : = 0.025
2b 2
0 -0.69 -2.20
-5.42 ‘-2.30 -0.96 -0.23 -—
l/8 -.51 -1.01 -1.83 -1.84 -.92 -.22 -2.08
1/4 -.23
-.45 -.82 -1.18 -.79 -.21 -.96
1/2 -.07
-.& -.26 -.50 -.49 -.16 -.31
3/4 -.03 J -.(% -.11 -.2~ - -.30 -.12 -*a
1.0 -.01 -.03 -.06 -.13 -.18 ~.08 ——
2.0 0 0 -.01 -.01 -.02 -.01 -—-
(c) p =0.15. ~ . ‘
& : = 00.2” : =.0.03 : = 0.0375 ; = o.o~ : = O.10 ; = 0.20
,
0 -1.34 -2.16 -—— -1.95 -0.70 -0.lJ
l/8
-.79 -1.12 -I.26 -1.26 ‘ -.67 -.ti
1A
-*@ -.57 -.65 -.73 ::;; -.15
l/2 -.14 -.20 -02L -.29 -.12
3/4 -.06 -.09 -.11 -.13 -.18 ; -.08
1.0 -.03 -.04 --— -.07 -.02 -.01
2.0 0 0 -— -- ,-.01 -.02 -.01
... . . . . .. .. . ...- --—. - .- —- ----
-.. —--- ..—-, ---- -- .. . . ------ _“.—..—..—..— ---
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(e) p = 0.300
s- = 0.03 & = oOo6
2 J z
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BASED ON (2~b)o - Continued
(d) ~ = 0.20.
x s
— -= o ; = 0.01 ; = 0.02 ; = 0.05 ; = O*IO : = 0“20 ; = 0“25
2b z.
o 4.00 4.00 4.00 11.oo 1.OQ 1.00 1.00
1.OO
l/8 3.80 3.74 3.4J- 4:JJ 1.68 1.IQ ~ 1.38
M-I 3*34 3.28 2.98 4:;; 2.15 1.67 1.63
l/2 2.88 2.85 2.83 4.93 2.!14 2.01 1.97
.54
3/4 2.70 2.68 2.46 4:;: 2.51 za~p 2.18
1.0 2.64 2,62 2.4o 4..87 2.50 2434 2.30
.28
2.0 2.56 2.54 2=33 4:MJ 2.49 2 .JJ8 2.47
(e) p = 0.30.
,
s _ 0.)625 S . 0.10 ; =“0.187~ ; = 0.20 ; = 0.25— -= o Q = 0.02 --
2; ; 1 z 1
0 2.33 2.33 2.33 1.00 1.00 1.00 1.00
1/8 2.02 2.38 2.16 1.!% 1.29 1.09 1.08
1/4 1.87 2.24 2.08 1.66 1.42 1.21 1.19
l/2 1.65 2.03” 2.00 1.79 1.57 1.37 1.34
3/4 1.56 1.95 1.98 1.90 1.67 10L7 1.44
1.0 1.51 1.90 1.95 1.90 1.72 1.52 1.50
2.0 1.47 , 1*86 1.93 1.80 1.79 ,1.60 1.59























TABLE 9.- SHEAR STRESSES +0 FOR RECTANGLES
BASED ON (2&b) ~

























































































TABLE 10.- SERIES COEFFICIENTS FOR ELLIPSE
WITH a/b = 0.0871\



































































































































TABLE 11.- ANQLES OF TWIST e/(M/IoQ) AND O/(M/IQ) FOR ELLIFSE
WITH a/’b = 0.0871
(1) (2) (3)
Obtained by use of Obtained by use of obtained by use of
first 10 coefficient fir9t 20 coefficients first 10 coefficients
x
z
of table 10, columns of table 10, columns of table 10, columns
“(2), (3), and (4) (L), (3), and(h) (5),(6), and (7)
+ +
L. e
It IOG M/IG M IOG M/IG ~ M/IG
o 34.90 l.b 34.90 1.00 34.90 1.00.
1/8 45.02 1.29 , 47,’29 1.36 UJ.67 1.28
1/4 48.16 ‘ 1.38 50.54 .1.)+5 48.16 1.s8
1/2 5’0..50 1.45’ 52.98 1.52 50.61 ‘1.45
3A S1.23 1.47 .5’S.89 1*54 Q.’L8 1.J47
1.0 51.58 1.48 EA.27 1..56 51.86 1.49
2.0 52.11 1.49 5k.58 1.5’6 52.14 1. )49
w 52.15 1.49 ,5’4.62 1.56 52.18 1. J49
44 NACA TN 26OO
TABLE 12.- SERIES COEFFICIENTS FOR
EILIPSE WITH a/b = 0.1738
n Cn % (%b)o
0.4378 0.04.405 5.22
$ -::;g ‘ -.o1457 10.39
6 .00733 IS. 56
8 -.6892 -.00435 20.76
10 .7223 .00291 25.86
-.7227 -.00201 3>.38
z .7122 .Oolwl 36.4o
16 -.6982 -.00109 39.33
18 .6848 .00085 45.38
20 -.6643 -.00068 k9.38
22 .64.45 ,00052 57.44
a -.6198 -. ooo~ 63.09
26 .5944 .00036 68.46
28 -.5’679 -.00028 72.89
.5420 . ooo2b 78.34
;: -::s -.00020 82.89
3b ~ .00016 87.93
36 -.4582 -.00012 91.54
38 .4346 .00012 99 l 71








































































TABLE ~.- SERIXS COEFFICIENTS FOR
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TABLE 17.- NORMAL STRESSES ax’ FOR AIL
ELLIPSES FROM (2~b) ~















s 3 s 7-.— -=—

















































s 1 s 1 .:=3 s 7—=1— —=— —=—
1 16 1 8 1 z 71 32
0.1992 0.4.154 0.7469 1.0597
.1708 .3339 .k679 .3969
.1334 .2462 .2748 .1856
.0731 .=98 .1028 .0597
.0361 .0549 .0423 .0236
.0172 . 02S3 .0185 .0101
.0008 .0012 .0008 . ooo~
-
.









T@LE 17. - NORI@LS&%%’ axl FOR ALL
ELLIPSES FROM (2&b~o - Concluded




-=— ;=&. ‘+=$2 ‘-”:=s 1 8
0.1007 0.2031 , , 0.2700 o,2214
j8 .0804 ‘.1503 .1633 .1088
1/4 .0614 .1072 .1013
:%1/2 ; ();3; ..0523 ::o@o
3A .0083
,.0248 .0186 .0102
1.0 ‘. o119 t .0086 .0047
2.0 - .0005’ .0007 .0005 .0003
- (e) a/b =0.8660. ‘
,
“~= J_ s 1-s—. 2=4 z=+
.2 2 16 z 8 z z
0’ 0.0244 0.0383 0.0309 0.0175
1/8 .0184 .0281 .0218 .cn22
1/4 ,0137 .0205 . ol~s .0086
1/2 ‘ .0075 ,0109 ; .0079 l oob3
3/4 “ ;:$ .0058 .0042 .0023
1.0 .0031 ‘ ,0022 ..0012





.— ...- .- . . — —— —.. .. .. . -. .-—-. . . -—
—— .-. —- -—. - —.—. -—-——
-—..— .-— .:--. —-—.. -—---——
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$ 7=0 :=$ :=+ :=”2 7’32 7=Z
o 3.04 3.ti 3.56 ~.:; 6.35 34.8o
l/8 4.29 5.16 5.36 7.90 24.61
1/4 5.a 5.96 6.2o 8:24 7.33 24.53
1/2 5.97 6.87 6.89 8.39 6.34 24.91
3/4 6.!18 7.30 7.09 7.88 5.94 25.16
1.0 6.74 7.50 7.15 7.76 ;.;; 2~.~4




_=2 2=$ 2=L :=$
z ‘= ‘-162 1 Z8 z z 32
1.92 2.01 2.28 3.12 4.38 ‘ 10.97
?/8 2.68 2.78 2.97 ~.:: 6.2s 6.32
1A 3.10 3.3-4 3.35 5.99 S.67
l/2 3.% 3.S6 3.66 4:39 5.63 5.36
3/4 3.78 3.77 3.75 4.30 5.49 5.29
1.0 . 3.89- 3.86 3.79 4.2s 5.44 5.27




s 1 s 1 s 3 5=7 ~=1-=—
z i= –’z i=~ z 16z z z lF
o 10!L7 1.52 1.75 2.15 3.40 S.69
1/8 1.85 1.90 2.20 2.51 3.52 3.86
1/4 2.09 2.12 2 lJ 2.56 3.27 3.38 ~
1/2 2.23 2.39 2.60 2.47 3.01 3.9b
3/4 2.53 2.51 2.6s 2.41 2.90 3.00
1.0 2.6o 2.57 2.66 2.37 2.86 2.96






.— .—— ———.— -—- -——-
-——. .- -.—. —— . . . .— — -








TABLE 18.- SHEARSTRESSES Z/TO FOR hL
ELLIPSES FROM (2xnb)0 - Concluded
(d)’’a/b= O.~000.
~ s s 1 s ~ s 3 ~=+ S=l
2b ‘=0z i “Z 7=8 i== Zr
o 1.12 1.17 1.30 1.68 1.98 2.23
1/8 1.25 1.30 1.42 1.72 1.88 1.96
1/’4 1.35 1.40 1.50 1.71 1.80 1.84
l/2 1.48 1.51 1.56 1.68 1.11 ‘ 1.74
3/4 1.54 1.56 1.59 1.46 “ 1.69 1.70
1.0 1.57 1.59 1.60 1.65 1.67 1.68
2.0 + 1.60 1.61 -1.60 1.64 1.66 1.67
-(e) a/b= O.8660.
~ s s 1 s s s s
2b -=0 7=Z i=z i 7=$ 7=$ y=;
o 1.00 . 1.02 1.07 1.13 l.ti 1.16
l/8 1.02 1.04 1.07 1.12 ---- 1.13
1/4 I.ob 1.05 1.07 1.11 —— 1.12
l/2 1.06 1.06 1.07 1*O9 ---- 1.10
3/4 1.07 1.07 1.07 1.09 —-- 1.08
1.0 1.07 1.07 1.07 1.08 - —-- 1.08
2.0 1.08 1.08 1.07 1.08 —— . 1.07
. ..—. ... .. . . . ..———— .. — _- _...-. _ —.. .— ..-, . -. —- .-—.. .—. —
_— _
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TABLE 20.- SERIES COEFFICIENTS FOR
NACA 631-012’URFOIL SECTION-
n“ Cnf Bn (2Lb)
1 0.00288 -0.00660 2.31
2 l o~~ -.04886 . 4.86






~.00386 ‘ .00190 II-.79
6 .02S53 -.01033 , 14.10
~.00409 ‘“ .001!50 16.90
i .020s4 ~ -.00s98 ~ 18.61
9’ -.002s4 “ .00053 “ 21.31
10 .01613 -.00367 23.12
U’ -.ooo~ .00030 ‘ 26.46
12 .01221 -.00237 27.92
13 .00185 “ “ -.00045 / 32.2S .
I-4 .00588, -.00134 33.79
15 ,00377 - -.o@l 3s.26
16 .00351 -.00056 38.oS
17 .00549 -.00093 40.98
18 .00183 I -.00006 43.03
19 .00668 -.00Q06 ti..76




-. —.- .—. . .. . .. ---- —.—..._.—
.—-.—-- .-. —- -------- ------- —-
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TABLE 21.- ANGLES OY TWIST f3/(M/IoG) AND f3/(M/IG)









4.0 12.69 1.46 .
.
———
_. —._— ._. —.—.. — -..——-
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TABLE 22.- SUMMARY OF NORMAL STRESSES OX1





















































TABLE 23.- SUMM.AIWOF SHEAR STRES%ES z/z. FOR
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Figure 1.- Cross section of torsion
@
,.
Figure 2.- Perspective of torsion tube.
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Figure 4.- Notation for elliptical box.
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(a) Values baaed on ~ and &. Comparison with values obtained by
K&&n and Chlen (reference 1) ia shown for ~ - 0.10.
F@ure 6.- Variation of angles of twid EJ(M/IG) with x/2b for rec.










? 1.4 1.6 [.8 ;
(b) Values bmedon ~.



















0 /+? .4 .6 .8 I so
-%
I.2 1.4 1.6 la 2+0
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Figure 7.- Variation of angles of twist e/(~oG) tith x/2b for rec-





















Figure 8.- Variation of norml stresaeB -u=’ with all for rectangular

































Figure 9.- Variation of nomal strasses
boxes with f3=
.20 25





















Figure 10. - V6rfStiOn of norml 6t??eSSeB -ux’ with 6/1 for rectangular &
8
bOxe6 ulth $ = 0.15.
.
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Figure 11. - Variation of normal stresses -ax’ with B/Z for rectangular















-.05 .10 + :15 .20 J
Figure 12. - Variation of
r,>
g
norml atreaaea -ux’ with s/2 for rectangular



















Figure 13.- Variation Of normal StreS6eS -u=’ tith s/1 for ~ctw~























FlgLlre 14. - Co-lson of normal
-ax’
20
stresses for rectmgular box with ~ = 0.1.







































stresses for rectangular box with fl= 0.2.
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Figure 18. - Variation of normal stres6es
boxes with a/b =
.
20 $29






































Variation of normal stresses
boxes with a/b .
20 .25








0 .05 .10 f .15 .20 .25
Fi@re 21. - Variation of normal stresses Ux ‘ with B/t for e~ptical





Figure 22. - Variation of normal stresses ax’ with B/Z for elliptical_






















0 .10 .20 & 30 .40 .50
L
Figure 23. - con-tour of RACA 631-ou airfofi.
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o .4 ,8 1,2 1.6 2.0 ~ 2.4 2.8 3.2 3.6 4.0
Figure 24.-
ab
Variation of angles of twist EJ/(M/IoG) with x/2b for


























Figure 2.5. - Variation of
NACA
NAcA-Lmglep -2-19-52- IWO









‘JX‘ with s/2 for
631-012 airfoil.
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